Abstract. Based on the technique previously developed by the author, we present a conjecture which claims that the reciprocal of the nth largest (in absolute value) eigenvalue of the GaussKuzmin-Wirsing operator is equal to the sum of a certain infinite series. This series is constructed recurrently. It consists of rational functions with integer coefficients in two variables X, Y, specialized at X = n and Y = 2
Introduction and conjecture
Let D be a disc {x ∈ C : |x − 1| < 3 2 }. Let V be a Banach space of functions which are analytic in D and are continuous in its closure. We equip this space with the supremum norm. The Gauss-Kuzmin-Wirsing operator is defined for functions f ∈ V by [11, 12, 19] 
L[f (t)](x) =
Our main interest in this paper is the point spectrum of this operator. In fact, the operator K[f ], defined by
(e x − 1)(e y − 1) ·f (y) dy, forf belonging to the Hilbert space L 2 (R + , m), dm(y) = y e y −1 dy, has the same point spectrum [2] (it is easy to pass from f tof using the Borel transform). As was shown in [15, 16] , the latter operator is compact, is of trace class and it is nuclear of order 0. Thus, it possesses the eigenvalues λ n , n ∈ N, which are real numbers, |λ n | ≥ |λ n+1 |, λ 1 = 1, and ∞ n=1 |λ n | ǫ < +∞ for every ǫ > 0.
The Gauss-Kuzmin-Wirsing operator is intricately related with the Gauss map F (x) = {1/x}, x ∈ (0, 1], F (0) = 0 (here {⋆} stands for the fractional part). Let F (1) = F , and F (k) = F • F (k−1) 1 The author gratefully acknowledges support from the Austrian Science Fund (FWF) under the project Nr. P20847-
N18.
1 for k ≥ 2. As is now well-known (due to important contributions by Gauss, Kuzmin, Lévy, Wirsing, Babenko, Babenko and Jur'ev, Mayer) we have µ(a ∈ [0, 1] : F (k) (a) < x) = log(1 + x) log 2 +
Here µ(⋆) stands for the Lebesgue measure, and for each n ≥ 2, the function Φ n (x) is defined in the cut plane x ∈ C \ (−∞, −1], it satisfies the boundary conditions Φ n (0) = Φ n (1) = 0 (n ≥ 2), the regularity condition Φ ′ n (x) → 0 if dist(x, (−∞, −1]) → ∞, and the functional equation
Thus, Φ 1 (x) = log(1+x) log 2 . The eigenfunctions of L are then given by Φ ′ n (x), n ∈ N. More details can be found in [2, 12, 19] .
The nature of the eigenvalues λ n is unknown. It is unanimously believed that these constants are unrelated to other most important constants in mathematics; in particular, it is expected that they are neither algebraic numbers nor periods (periods are numbers like π, Catalan constant, ζ(3), and so on). Moreover, though now more that 480 digits of λ 2 have been calculated [3] , there is no rigorous result known which guarantees that the digits of λ 2 we calculate are the true ones. Though, as noted in [7] , one can (theoretically) get certificates at least for λ 2 . Concerning calculations of values of λ n for n ≥ 2, one can only trust heuristic arguments, which are absolutely likely to be true, as numerical calculations suggest [7, 12, 14, 20] . We note that the first few digits of λ 2 can be calculated rigorously [15] .
On the other hand, the trace of the operator L can be given explicitly. As an aside, there exist formulas for Tr(L k ) for k ∈ N [13, 15, 16] . These formulas are crucial in Mayer's proof [17] that the Fredholm determinant det(1 − L 2 2s ) is equal to the Selberg zeta function for the full modular group. Here L 2s is the Mayer-Ruelle operator, which is given by (6) below. As was shown in [15] (see also [5, 6] ), we have
The last sum can by expanded in terms of inverse powers of m. Thus, this implies [5, 6] Tr(L) = 1 2
The constants λ n have received a considerable amount of attention in recent decades. Nevertheless, there are three outstanding unresolved problems. As was said before, we henceforth arrange the eigenvalues according to their absolute value |λ 1 | ≥ |λ 2 | ≥ · · · . Of course, in case λ n = ±λ n+1 for some n, this arrangement is not uniquely defined. Despite this, we have Conjecture 1. The following three statements are true:
• Simplicity. The eigenvalues are simple. Moreover, |λ n | > |λ n+1 |.
• Sign. The eigenvalues have alternating sign: (−1) n+1 λ n > 0.
• Ratio. There exists a limit lim
2 . The first conjecture was raised by Babenko [2] , the second conjecture can be attributed to Mayer and Roepstorff [16] , and the last one most likely was raised by MacLeod [14] , and seconded by Flajolet and Vallée [7] . It has the following explanation. The spectrum of the operator
is given by (−1) n φ −2n−2 , n ∈ N 0 , where φ = √ 5+1
2 . It is expected that the terms in (1) for m ≥ 2 act only as small perturbations to L 0 . Of course, the "Sign" and "Simplicity" conjectures follow from the "Ratio" conjecture for sufficiently large n (provided it is effective and we can verify these conjectures for the first few values of n).
The main target of this paper is to pose yet another conjecture. It concerns the exact values of the real numbers λ n . It appears that one can interpolate the whole collection of eigenvalues λ n . For this purpose, consider the following Procedure. For integers p, t, j ≥ 0, let us define A p,t (X, Y) and Ψ j (X, Y) (which are rational functions with integer coefficients, and in fact denom(A p,t (X, Y)) and denom(
and then recurrently by
(Why we underline one binomial coefficient will be explained in the end of this section). This recursion works as follows. Fix N ∈ N. We will calculate the functions A p,t and Ψ j for 0 ≤ p, t ≤ N and 0 ≤ j ≤ N . Let P ≤ N . Suppose we have already calculated them for 0 ≤ p ≤ P − 1 and 0 ≤ t ≤ N , 0 ≤ j ≤ P − 1. The above recursion allows to calculate A P,t for 0 ≤ t ≤ P − 1. When (p, t) = (P, P ), this recursion a priori contains two unknowns: Ψ P and A P,P . Nevertheless, the coefficient at A p,t of this recurrence is equal to (
, which vanishes for (p, t) = (P, P ). Thus, since for (p, t) = (P, P ) the coefficient at Ψ P is 2 P −1 , we find the unique value of Ψ P . We will later show that at this stage the function A P,P can be defined arbitrarily. We choose
Since now Ψ P and A P,P have been identified, we use the recurrence (3) to find A P,t for P < t ≤ N . Consequently, according to this procedure, we can uniquely determine the rational functions A p,t and Ψ j . At the first glace, the recurrence (3) has nothing to do with continued fractions. Nevertheless, it definitely does, as is expressed by the following 
and the series converges absolutely.
Thus, we claim that the indexing of eigenvalues according to their absolute value is not accidental but rather a canonical one. This indexing corresponds to the degree of denominator of a rational function G n (2, z) (see the next section). The Table 1 in the end of this paper lists the first four rational functions Ψ j (X, Y). The Table 3 lists the values of Ψ j (2, 4). According to the above conjecture, ( Table 2 lists numerical values for
for 2 ≤ n ≤ 5 and some selected values of N . These calculations match the known digits of λ n very well (see [3, 7, 14, 20] for numerical values). As in the case with the explicit series for the moments of the Minkowski question mark function [1] , the series (4) is not very useful in numerical calculations. For example, Ψ 30 (2, 4) ≈ 1.5 · 10 −11 , while the denominator of Ψ 30 (2, 4) is approximately 2.8 · 10 967 . Despite this drawback, we believe that the identity (4) is significant: it shows that there exists a unifying approach towards the whole collection of eigenvalues {λ n , n ∈ N}, apart from the approach provided by the trace formulas for Tr(L k ). It is also important that each summand Ψ j (n, 2 n ) is represented by a rational function with integer coefficients, hence it carries and encodes only a finite amount of information. Notwithstanding, in this paper we do not touch the most interesting question from the number-theoretic point of view; mainly, the structure of rational functions Ψ j (X, Y). This might be very hard, and it deserves a separate treatment.
The idea behind our technique which yields the Conjecture 2 is as follows (see [1] for more details). We replace the Calkin-Wilf tree [4] (whose permutation is the Stern-Brocot tree and whose intersection with [0, 1] is the Farey tree) by a certain tree which depends on a complex parameter ω, | ω − 2| ≤ 1. This tree is given by the root 1, and each node x generates two offsprings according to the rule
T T T T T T T T T T T (5)
When ω = 1, we recover the Calkin-Wilf tree. For | ω − 2| ≤ 1, the closure of the direct limit of x = 1 is a certian Julia set I ω [1] . The main idea is that this tree collapses to a single point for ω = 2. Thus, instead of a functional analysis in case ω = 1, we get a finite dimensional linear algebra for ω = 2. Despite the lack of practicality, this method have already allowed to better understand the structure of the moments of the Minkowski question mark function. This technique provides information on the eigenvalues λ n as well. Possibly, it can be also applied to the study of the eigenvalues of the Laplace-Beltrami operator ∆ = −y 2 (
∂y 2 ). Now we will describe the "dual" result. Let s > 1 be a real number. The Mayer-Ruelle operator is defined by [18] 
It is known [10] that the dominant eigenvalue λ 1 (s) is positive and simple. (Note that various notations for λ 1 (s) are in use. For example, λ 1 (s) = β 1 (s/2) in [20] , and λ(s) = λ 1 (s) in [10] ). The function s → λ 1 (s) is analytic and strictly decreasing, log concave, it has a meromorphic continuation to the whole complex plane, and for s ∈ R,
This function can be given an alternative definition. For any k−tuple of positive integers a = (a 1 , a 2 , . . . , a k ), let a denote the denominator of the continued fraction [0, a 1 , a 2 , . . . , a k ], and let A(k) be the set of all such k−tuples. Then for s > 1,
This is the reason why λ 1 (s) is called the pseudo-zeta function associated with continued fractions. More of its properties can be found in [10] . We note that, thanks to the works of Mayer [17] , Lewis, and Lewis and Zagier [13] , there is a deep connection between spectrum of the Laplace-Beltrami operator, Lewis's three-term functional equation, spectrum of the Mayer-Ruelle operator L 2s , and the zeros of the Selberg zeta function. Thus, according to the calculations in [20] ,
.533695 + , corresponding to the first odd spectral parameter; λ 1 (1 + 2it 1 ) = 1, t 1 = 13.77975 + , corresponding to the first even spectral parameter.
Finally, since det(1 − L 2s ) also vanishes for 2s being a non-trivial zero of the Riemann zeta function, it so happens that 1 − λ 1 (s) shares some zeros with the Riemann zeta function as well. For example, this is the case for the first and the fourth non-trivial zero, ordered by their (positive) imaginary part. Further calculations are currently being performed by the author.
For integers p, t, j ≥ 0, let us define rational functions with rational coefficients B p,t (X, Y) and
and then exactly the same way as we defined A and Ψ using procedure and the recurrence (3), subject to the following convention: replace throughout A with B, Ψ with Λ, and replace the underlined binomial coefficient with a simpler one, given by
Then we have
Conjecture 3. Let s ∈ C and ℜs > 1. Then
It is rather remarkable that all the eigenvalues of L can be calculated using almost the same recurrence as the one which is used to calculate the dominant eigenvalue of L s ! We finish this section with the following curious corollary. It is known that λ ′ 1 (2) = −C, where C = π 2 12 log 2 is the so called Khinchin-Lévy constant [8, 10] . Based on the above series, we can calculate this constant using the truncation of the right hand side of (7). Thus, we have: Thus, each time we get a linear form a N log 2 2 + b N log 2, a N , b N ∈ Q, which approximates the constant π 2 . Though, of course, the approximations are far from being best, it is still a rather curious corollary! The series (7) can be also applied to calculate the Hensley constant, given by [6, 10] 
Heuristics behind the procedure
In this section we present more or less formal derivation of the recurrence (3). As the Table 2 suggests, all subsequent statements must have rigorous proofs. The main ideas behind our method are the same as in [1] .
Let ω ∈ C, | ω − 2| ≤ 1, and let us consider the following operator
Up to the sign, this operator is the generalization of (1). Indeed,
In these formal derivations we do not specify where this operator is defined. If ω is real, then
Thus, in this case D ω can be defined as an operator in the space C[− ω, 0]. For complex ω, the interval [− ω, 0] is replaced by a closure of a direct limit of z = 0 under the family of transformations
, m ∈ N. This is a Julia set H ω similar to the one introduced in [1] , and we know that its structure can be rather complicated and it deserves a separate treatment. Thus, D ω acts on the space C(H ω ). Of course, we could have chosen the definition of D ω in such a way that D 1 = L, since this is only a matter of orientation of the plane. Nevertheless, to avoid confusion, it is better to adhere to the same orientation as in [1] . If G( ω, z) is the eigenfunction of this operator with the eigenvalue 1 λ( ω) , then it satisfies the functional equation
Our result in Section 1 is based on the following Assumption 1. For each n ∈ N, there exist a two variable analytic function G n ( ω, z), which is defined for ( ω, z) ∈ C 2 , | ω − 2| ≤ 1, z ∈ C \ {I ω + 1}, and the unique analytic function λ n ( ω),
is a meromorphic function with a single pole of order n + 1 at z = 2, and G( ω, z) satisfies the functional equation
(Beware that for n = 1 the function λ 1 ( ω) is not the same as the function λ 1 (s), as is given in the second half of the Section 1. Here we deal only with L, and this should not cause any confusion). The set I ω was introduced in [1] and it is a Julia set. More precisely, it is a closure of a direct limit of iterated function system, given by the two transformations (5). The set I ω is homeomorphic to a unit interval for ω = 1. If 1 ≤ ω ≤ 2 is real, then I ω = [ ω − 1,
. For complex ω, the structure of I ω is rather complicated. We refer to [1] for further details. When ω = 1, the equation (8) specializes to
Comparing this to (2), we claim that
As is stated in the Assumption 1, for ω = 2 the equation (8) has a solution of the form
In terms of P n (z), the equation (8) then reads as
A substitution z = 1 yields
Without a loss of generality, let us assume P n (2) = 1. If we differentiate (10) and substitute z = 1, we immediately obtain
Further differentiations of (10) and subsequent substitutions z = 1 output the values
In general, a direct induction shows that
where c (ℓ) n are given recurrently
here A ℓ = 1 − 2 ℓ if ℓ is even, and A ℓ = 2 ℓ + 1 − 2 ℓ+1−n is ℓ is odd. Thus, we see that not only P n (z) is an entire function but it is a polynomial of degree ≤ n − 1. Moreover, this also shows that the eigenvalue λ n (2) is simple.
As the second step, let us differentiate (8) with respect to ω and substitute ω = 2. For simplicity, put
We get:
Similarly as in [1] , we see that
Writing the equation (11) in terms of Q n (z), and substituting z = 1, we obtain
Differentiation of that equation and substitution z = 1 (incidentally, the coefficient at Q ′ n (2) vanishes) gives the unique value for σ n (2). We clearly see that, unlike Q n (2), the value of Q ′ n (2) depends on our choice. This has the following explanation. If G n ( ω, z) is a solution to (8) , the so is G n ( ω, z) · Θ( ω) for any analytic function Θ( ω), | ω − 2| ≤ 1. In other words: the solution to (11) is not unique; all solutions are given by H n (z) = H n (z) + c · G n (z), c ∈ C, where H n (z) is any particular solution. Therefore, Q n (z) = Q n (z) + c · (z − 2)P n (z), and Q ′ n (2) is not uniquely defined. Since P n (2) = 0, we can define it arbitrarily. All the consequent values of d ℓ dz ℓ Q n (2), ℓ ≥ 2, are then determined. At this stage, the way our method works should be clear: we differentiate the equation (8) p times with respect to ω, and substitute ω = 2. Let E p be the equation we obtain, and let
The careful inspection of the equation E p shows that it has the form similar to (11) , where on the l.h.s. we have G 
The equation E p , written in the terms of P n,p (z), allows to determine P n,p (2). We inductively differentiate the equation E p exactly t times, 0 ≤ t < p, substitute z = 1 to recover the value d t dz t P n,p (2). When t = p, the coefficient at
dz p λ n (2) appears on the stage, which thus can be calculated. We set d p dz p P n,p (2) = 0, and further proceed with determination of d t dz t P n,p (2) for t > p. Having done so for 0 ≤ t ≤ N , let us move to the equation E p+1 , and so on. To write down the equations E p is a tedious job, and we rather proceed via the formal power series expansion.
As we have just seen, the nth solution of the functional equation (8) can be given by
where
As we already know, ψ 0 (n) = 2 n+1 − 2. We will formally substitute these powers series into (8) and compare the corresponding coefficients at
First, we need two formulas. Lemma 1. Let A ∈ N 0 . Then we have the formal power series
Proof. Let us write
Differentiation s times with respect to ω and substitution ω = 2 implies
Now the formula (13) follows from the identity z s = (z
The same trick proves the formula (14) .
Therefore, formally, we have:
Further, using (13), we get
To get the expansion in terms of powers of ω − 2, we will soon use the identity ω( ω − 2) s+k = ( ω − 2) s+k+1 + 2( ω − 2) s+k . Finally, using (14) , we obtain (−1) n+1 λ n ( ω) z 2 · G n ω, for certain values of s and N . The correct digits of λ 1 (s) are underlined. Apart from λ 1 (4), underlined digits are only those coinciding with the respective digits of the next entry. The constant λ 1 (4) and other eigenvalues of L 4 appear in [8] in connection with lattice reduction algorithm in dimension 2. The number λ 1 (4) is known as the Vallée constant [6, 9] . 
